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ABSTRACT 

Respiratory infectious diseases, including acute respiratory infections, pneumonia, MERS-CoV, and 

COVID-19, remain major global health concerns due to their high transmission rates and significant 

health and socioeconomic impacts. However, most existing models do not explicitly distinguish 

population groups based on behavioral factors such as mask usage nor integrate multiple 

interventions within a unified optimal control and cost-effectiveness framework. This study develops 

a modified seven-compartment epidemiological model that differentiates susceptible and infected 

individuals based on mask usage and incorporates four control variables: mask usage, vaccination, 

quarantine, and treatment. The optimal control problem is formulated using the Pontryagin 

Maximum Principle and solved numerically using the fourth-order Runge-Kutta method combined 

with the Forward-Backward Sweep Method. The results indicate that treatment is the most effective 

single intervention in rapidly suppressing infection, while the combination of all control measures 

provides the fastest overall reduction in transmission. In terms of cost-effectiveness, the four-control 

combination yields the lowest Average Cost-Effectiveness Ratio (ACER), indicating the highest 

efficiency, whereas the combination of mask usage, quarantine, and treatment produces a negative 

Incremental Cost-Effectiveness Ratio (ICER), implying greater health benefits at a lower additional 

cost compared to alternative strategies. These findings emphasize the importance of distinguishing 

between effectiveness and cost-efficiency in determining optimal intervention strategies. 
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PRELIMINARY 

Respiratory infectious diseases, including pneumonia and coronavirus infections 

such as SARS, MERS, and COVID-19, remain major global health concerns due to their 

high transmission rates and significant mortality burden (Yin & Wunderink, 2018; World 

Health Organization, 2020). The global burden of these diseases continues to rise, with acute 

respiratory infections (ARI) accounting for nearly four million deaths annually, 
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approximately 98% of which are caused by lower respiratory tract infections (Global Burden 

of Disease, 2024). Pneumonia is also recognized as the leading cause of death among 

children under five years old, both globally and in Indonesia, exceeding the combined deaths 

from AIDS, malaria, and measles (Ministry of Health of the Republic of Indonesia, 2023). 

This situation is further exacerbated by the emergence of novel respiratory pathogens, such 

as Middle East Respiratory Syndrome Coronavirus (MERS-CoV), which has demonstrated 

a high mortality rate since its emergence in 2012 (Yin & Wunderink, 2018). 

The COVID-19 pandemic represents one of the most significant global health crises 

in modern history. The causative agent, Severe Acute Respiratory Syndrome Coronavirus-2 

(SARS-CoV-2), is a positive single-stranded RNA virus that primarily infects the respiratory 

tract (Yuliana, 2020). The pandemic has demonstrated rapid transmission dynamics and 

substantial clinical impacts, as evidenced by epidemiological and clinical studies conducted 

in Wuhan, China (Chen et al., 2020; Li et al., 2020; Wang et al., 2020). Moreover, the virus 

exhibits high transmissibility even during early stages of infection, contributing to 

widespread global dissemination (He et al., 2020; Linton et al., 2020; Centers for Disease 

Control and Prevention, 2020). To reduce transmission, various preventive measures have 

been recommended, including physical distancing, mask usage, hand hygiene, mobility 

reduction, and avoiding crowds (World Health Organization, 2020). 

Mathematical modelling has become an essential tool for understanding the 

dynamics of infectious disease transmission and evaluating intervention strategies. It enables 

the identification of key parameters influencing disease spread and provides a quantitative 

framework for designing effective control policies (Huppert and Katriel, 2013; da Costa et 

al., 2019). Numerous studies have developed mathematical models to analyze COVID-19 

transmission and assess control strategies. For example, Hamdy et al. (2022) proposed a 

modified SEIQR model incorporating quarantine and isolation, while Mandal et al. (2020) 

developed an SEIR-based model to predict disease spread and evaluate intervention 

strategies. Furthermore, Yiran and Ning (2022) extended the SEIR model by incorporating 

individual protection awareness and applied the Pontryagin Maximum Principle to 

determine optimal control strategies alongside cost-effectiveness analysis. These studies 

generally indicate that combining non-pharmaceutical and pharmaceutical interventions 

provides effective control of disease transmission. However, most existing studies do not 

explicitly distinguish population groups based on behavioral factors such as mask usage 

within both susceptible and infected classes, nor do they comprehensively evaluate multiple 
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intervention strategies simultaneously within an optimal control and cost-effectiveness 

framework. 

In this study, the modeling framework of respiratory infectious disease transmission 

is developed using COVID-19 as a representative case, allowing the proposed model to 

capture realistic transmission dynamics while maintaining broader relevance to respiratory 

diseases. Based on this gap, this study develops a modified SEIQR model that differentiates 

susceptible and infected individuals based on mask usage and incorporates four control 

variables, namely mask usage, vaccination, quarantine, and treatment. An optimal control 

problem is formulated and solved using the Pontryagin Maximum Principle, while numerical 

solutions are obtained through the fourth-order Runge-Kutta method combined with the 

Forward-Backward Sweep Method. This study aims to determine the optimal 

implementation of these control strategies in order to identify the most effective and cost-

efficient approach for reducing disease transmission in a sustainable manner. 

 

METHODS 

This study uses a mathematical modelling approach and optimal control analysis to 

examine the dynamics of the spread of respiratory infectious diseases and determine the most 

effective intervention strategies. The research steps are systematically structured to align 

with the characteristics of model-based research and numerical simulations. The 

methodological stages of this study are outlined as follows. To provide a clearer overview 

of the research procedure, the sequence of methodological steps is illustrated in the research 

flow diagram presented in Figure 1. 
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Figure 1 Research flowchart 

1. Model Formulation 

This section presents a mathematical model of respiratory infectious disease 

transmission, namely the 𝑆1𝑆2𝐸𝐼1𝐼2𝑄𝑅 model in the case of COVID-19. The population is 

divided into seven compartments: unmasked susceptible (𝑆1), masked susceptible (𝑆2), 

exposed (𝐸), unmasked infected (𝐼1), masked infected (𝐼2), quarantined (𝑄), and recovered 

(𝑅). The model parameters include the recruitment rate (Λ), natural death rate (𝜇), and 

disease-induced death rates (𝑑1, 𝑑2, 𝑑3) in compartments 𝐼1, 𝐼2, and 𝑄. Transmission 

dynamics are governed by transition rates 𝛽1, 𝛽2, and 𝛽3, representing movements from 𝑆1to 

𝐸, 𝑆1 to 𝑆2, and 𝑆2 to 𝐸, respectively. The exposed compartment (𝐸) progresses to 𝐼1, 𝐼2, and 

𝑄 with rates 𝛿1, 𝛿2, and 𝛿3. Recovery occurs from 𝐼1and 𝐼2to 𝑅with rates 𝜎and 𝜔, 

respectively, while 𝜂represents the transition from 𝐼2 to 𝑄, and 𝜉 denotes recovery from 𝑄 

to 𝑅. It is assumed that individuals in the 𝐼2 compartment (masked infected) do not contribute 

to disease transmission through direct interaction, reflecting the reduced transmission risk 

due to consistent mask usage. The overall structure of the model is illustrated in Figure 2. 
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Figure 2. COVID-19 model compartment with constant control 𝑺𝟏𝑺𝟐𝑬𝑰𝟏𝑰𝟐𝑸𝑹 

Figure 2 forms a non-linear ordinary differential equation which is a model of the 

distribution with constant control, namely: 

 

2. Model Analysis 

2.1 Disease Free Equilibrium (DFE) 

 The disease-free equilibrium of system (1), which denotes the absence of the disease 

in the population or the zero value for the infectious compartments (𝐸, 𝐼1, 𝐼2), is calculated 

by setting system equation (1) to zero and is denoted by 𝑇0 as follows: 

              𝑇0 = (𝑆1
0, 𝑆2

0, 𝐸0, 𝐼1
0, 𝐼2

0, 𝑄0, 𝑅0) =  (
Λ

𝛽2 + 𝜇
,

β2Λ

𝜇(𝛽2 + 𝜇)
, 0, 0, 0, 0, 0). 

 

𝑑𝑆1

𝑑𝑡
=  Λ − 𝜇𝑆1 − 𝛽1𝑆1𝐼1 − 𝛽2𝑆1 

(1) 

𝑑𝑆2

𝑑𝑡
= 𝛽2𝑆1 − 𝛽3𝑆2𝐼1 − 𝜇𝑆2 

𝑑𝐸

𝑑𝑡
= 𝛽1𝑆1𝐼1 + 𝛽3𝑆2𝐼1 − 𝜇𝐸 − 𝛿1𝐸 − 𝛿2𝐸 − 𝛿3𝐸 

𝑑𝐼1
𝑑𝑡

= 𝛿1𝐸 − (𝜇 + 𝑑1)𝐼1 − 𝜎𝐼1 

𝑑𝐼2
𝑑𝑡

= 𝛿2𝐸 − (𝜇 + 𝑑2)𝐼2 − 𝜂𝐼2 − 𝜔𝐼2 

𝑑𝑄

𝑑𝑡
= 𝛿3𝐸 + 𝜂𝐼2 − (𝜇 + 𝑑3)𝑄 − 𝜉𝑄 

𝑑𝑅

𝑑𝑡
= 𝜎𝐼1 + 𝜔𝐼2 + 𝜉𝑄 − 𝜇𝑅. 
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2.2 The Endemic Equilibrium Point 

  The endemic equilibrium of system (1) signifies the spread or outbreak of the 

respiratory infectious disease. The endemic equilibrium is obtained by setting system 

equation (1) to zero, yielding the endemic equilibrium as follows: 

𝑇∗(𝑆1, 𝑆2, 𝐸, 𝐼1, 𝐼2, 𝑄, 𝑅) = (𝑆1
∗, 𝑆2

∗, 𝐸∗, 𝐼1
∗, 𝐼2

∗, 𝑄∗, 𝑅∗). 

Where, 

𝑆1
∗ =

Λβ + Λd1 + Λ𝜎

𝜇2 + 𝜇𝑑1 + 𝜇𝜎 + 𝜇𝛽2 + 𝑑1𝛽2 + 𝜎𝛽2 + 𝛿1𝐸∗
 

𝑆2
∗ =

𝛽2Λ

(𝜇 + 𝛽2 + 𝛽1𝑎𝐸∗)(𝛽3𝑎𝐸∗ + 𝜇)
 

 𝐸∗ =
𝜇𝛽1 + 𝜇𝛽3 + 𝛽2𝛽3

2𝑎𝛽1𝛽3
−

Λ

2𝑑
+ 𝑐 

𝐼1
∗ =

𝛿1𝐸
∗

𝑑1 + 𝜇 + 𝜎
 

𝐼2
∗ =

𝛿2𝐸
∗

𝑑2 + 𝜂 + 𝜇 + 𝜔
 

𝑄∗ =
(𝛿3 + 𝜂)𝐸∗

𝑑3 + 𝜇 + 𝜉
 

𝑅∗ =
𝜎𝐼1

∗ + 𝜔𝐼2
∗ + 𝜉𝑄∗

𝜇
, 

 

where the parameters are defined as 𝑎 =
𝛿1

𝜇+𝑑1+𝜎
, 𝑑 = 𝜇 + 𝛿1 + 𝛿2 + 𝛿3, and 𝑐 =

√(𝑑𝑎𝜇𝛽1+𝑑𝑎𝜇𝛽3+𝑑𝑎𝛽2𝛽3−𝑎2Λ𝛽1𝛽3)2−4(𝑑𝑎2𝛽1𝛽3)(𝑑𝜇2+𝑑𝜇𝛽2−𝑎Λ𝜇𝛽1)

2𝑑𝑎2𝛽1𝛽3
. 

 

2.3  Basic Reproduction Number  

  According to Brauer et al. (2019), the basic reproduction number (ℜ0) is an 

important parameter in epidemiology because it serves as a measure to determine whether 

an infectious disease will become an epidemic or not. The value of ℜ0 is determined using 

the next generation matrix method. The first step is to rewrite the system equations consisting 

of the exposed (𝐸), unmasked infected (𝐼1), masked infected (𝐼2), and quarantined 

compartments (𝑄). 

𝑑𝐸

𝑑𝑡
= 𝛽1𝑆1𝐼1 + 𝛽3𝑆2𝐼1 − 𝜇𝐸 − 𝛿1𝐸 − 𝛿2𝐸 − 𝛿3𝐸 

(2) 𝑑𝐼1
𝑑𝑡

= 𝛿1𝐸 − (𝜇 + 𝑑1)𝐼1 − 𝜎𝐼1 

𝑑𝐼2
𝑑𝑡

= 𝛿2𝐸 − (𝜇 + 𝑑2)𝐼2 − 𝜂𝐼2 − 𝜔𝐼2 
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From system (2), let ℱ and 𝒱 denote the vectors of new infection terms and transition terms, 

respectively. The matrices 𝐹and 𝑉, which are the Jacobian matrices of ℱ and 𝑣, are obtained 

as follows: 

ℱ = (

𝛽1𝑆1𝐼1 + 𝛽3𝑆2𝐼1
0
0
0

) , 𝒱 =

(

 

(𝜇 + 𝛿1 + 𝛿2 + 𝛿3)𝐸

−𝛿1𝐸 + (𝜇 + 𝑑1 + 𝜎)𝐼1
−𝛿2𝐸 + (𝜇 + 𝑑2 + 𝜂 + 𝜔)𝐼2
−𝛿3𝐸 − 𝜂𝐼2 + (𝜇 + 𝑑3 + 𝜉)𝑄)

 . 

With respect to infectious compartments 𝐸, 𝐼1, 𝐼2 and 𝑄, and evaluating at DFE as follows: 

𝐹 =

(

 
 

0
Λ(𝛽1+𝛽2𝛽3)

𝜇(𝛽2+𝜇)
0 0

0 0 0 0
0 0 0 0
0 0 0 0)

 
 

, 𝑉 = (

𝑣11 0 0 0
−𝛿1 𝑣22 0 0
−𝛿2 0 𝑣33 0
−𝛿3 0 0 𝑣44

), 

where 𝑣11 = 𝜇 + 𝛿1 + 𝛿2 + 𝛿3; 𝑣22 = 𝜇 + 𝑑1 + 𝜎; 𝑣33 = 𝜇 + 𝑑2 + 𝜂 + 𝜔; 𝑣44 = 𝜇 + 𝑑3 +

𝜉. Represent the calculated expressions for the entries of the matrix 𝐾 = 𝐹𝑉−1. 

Subsequently, following Mandal (2011), the basic reproduction number is obtained using 

the spectral radius of the next-generation matrix, ℜ0 = 𝜌(𝐾), and is derived as follows: 

𝐾 = 𝐹𝑉−1 =

(

 
 

0
Λ𝛿1(𝛽1 + 𝛽2𝛽3)

𝑣11𝑣22𝜇(𝛽2 + 𝜇)
0 0

0 0 0 0
0 0 0 0
0 0 0 0)

 
 

. 

Consequently, the basic reproduction number (ℜ0), which is the spectral radius of the matrix 

𝐾 is given by: 

ℜ0 =
𝛿1Λ(𝛽1𝜇 + 𝛽2𝛽3)

𝜇(𝜇 + 𝛽2)(𝛿1 + 𝛿2 + 𝛿3 + 𝜇)(𝑑1 + 𝜇 + 𝜎)
. 

2.4  Analysis of The Stability of the Disease Free Equilibrium 

In this section, the criterion demonstrating the stability of the disease-free equilibrium is 

discussed through the proof of a stability theorem based on the basic reproduction 

number.  

Theorem 1. The disease free equilibrium 𝑇0 of equation (1) is locally asymptotically stable 

if ℜ0 <1 and unstable if ℜ0 > 1. 

Proof: The linearization process of system (1) yields the Jacobian matrix evaluated at 𝑇0, as 

follows: 

𝑑𝑄

𝑑𝑡
= 𝛿3𝐸 + 𝜂𝐼2 − (𝜇 + 𝑑3)𝑄 − 𝜉𝑄. 
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𝐽𝑇0 =

[
 
 
 
 
 
 
𝐽11 0 0 𝐽14 0 0 0
𝐽21 𝐽22 0 𝐽24 0 0 0
0 0 𝐽33 𝐽34 0 0 0
0 0 𝐽43 𝐽44 0 0 0
0 0 𝐽53 0 𝐽55 0 0
0 0 𝐽63 0 𝐽65 𝐽66 0
0 0 0 𝐽74 𝐽75 𝐽76 𝐽77]

 
 
 
 
 
 

, 

where, 

𝐽11 = −𝜇 − 𝛽2 ; 𝐽14 = −
𝛽1Λ

(𝛽2+𝜇)
; 

𝐽21 = 𝛽2; 𝐽22 = −𝜇; 

𝐽24 =
−𝛽3𝛽2Λ

𝜇(𝛽2 + 𝜇);
 𝐽33 = −𝜇 − 𝛿1 − 𝛿2 − 𝛿3; 

𝐽34 = 
𝛽1Λ

(𝛽2 + 𝜇)
+

−𝛽3𝛽2Λ

𝜇(𝛽2 + 𝜇)
; 𝐽43 = 𝛿1; 

𝐽44 = −𝜇 − 𝑑1 − 𝜎; 𝐽53 = 𝛿2; 

𝐽55 = −𝜇 − 𝑑2 − 𝜂 − 𝜔; 𝐽63 = 𝛿3; 

𝐽65 = 𝜂; 𝐽66 = −𝜇 − 𝑑3 − ξ; 

𝐽74 = 𝜎; 𝐽75 = 𝜔; 

𝐽76 = 𝜉; 𝐽77 = −𝜇. 

The eigenvalues of the Jacobian matrix evaluated at the DFE are given by  

𝜆1,2 = −𝜇, 𝜆3 = −(𝜇 + 𝛽2), 𝜆4 = −(𝜇 + 𝑑2 + 𝜂 + 𝜔), 𝜆5 = −(𝜇 + 𝑑3 + 𝜉). 

Because all model parameters are positive, these five eigenvalues are strictly negative 

(𝜆𝑖 < 0,  𝑖 = 1, … ,5). The remaining two eigenvalues, 𝜆6 and 𝜆7, are obtained from the 

characteristic equation. 

𝜆2 + 𝑎1𝜆 + 𝑎0 = 0, 

where 

𝑎1 = (𝜇 + 𝑑1 + 𝜎) + (𝜇 + 𝛿1 + 𝛿2 + 𝛿3) > 0 

𝑎0 = (𝜇 + 𝑑1 + 𝜎)(𝜇 + 𝛿1 + 𝛿2 + 𝛿3) − 𝛿1 (
𝛽1Λ

(𝛽2 + 𝜇)
+

−𝛽3𝛽2Λ

𝜇(𝛽2 + 𝜇);
) > 0 

= (𝜇 + 𝑑1 + 𝜎)(𝜇 + 𝛿1 + 𝛿2 + 𝛿3) − 𝛿1Λ(
𝛽1𝜇 − 𝛽2𝛽3

𝜇(𝛽2 + 𝜇)
) > 0 

         = (𝜇 + 𝑑1 + 𝜎)(𝜇 + 𝛿1 + 𝛿2 + 𝛿3) + (1 − 𝑅0)(𝜇 + 𝑑1 + 𝜎)(𝜇 + 𝛿1 + 𝛿2 + 𝛿3) > 0. 
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According to the Routh–Hurwitz criterion for a second-degree polynomial, the 

equilibrium point is locally asymptotically stable whenever 𝑅0 < 1, because both conditions 

𝑎1 > 0 and 𝑎0 > 0 are satisfied, which ensures that 𝜆6 and 𝜆7 have negative real parts and, 

therefore, all eigenvalues of the Jacobian matrix are negative (Murray, 2002). 

3. Optimal Control Problem 

   This section discusses the optimal control problem. The objective is to determine the 

best prevention and treatment strategies for respiratory infectious diseases by incorporating 

four optimal control variables: mask usage (𝑢), vaccination (𝑣), quarantine (𝑞), and treatment 

(𝜓). These control variables are introduced to enhance the effectiveness of intervention 

strategies compared to system (1), which is formulated under constant control parameters. 

In particular, several model parameters are reformulated into time-dependent control 

variables to reflect dynamic intervention strategies. The parameter 𝛽2, which represents the 

transition rate influenced by mask usage, is replaced by the control variable 𝑢(𝑡) to allow 

adaptive regulation of mask compliance over time. Similarly, the parameters 𝛿3 and 𝜂, which 

are associated with quarantine-related transitions, are replaced by the control variable 𝑞(𝑡). 

Furthermore, the recovery-related parameters 𝜎and 𝜔 are replaced by the treatment control 

variable 𝜓(𝑡), enabling the modeling of time-dependent treatment efforts. 

This transformation allows the model to capture more realistic and flexible intervention 

policies, where control measures can vary over time rather than remain constant. Thus, the 

model for the spread of respiratory infectious diseases with control variables is given as 

follows: 

𝑑𝑆1

𝑑𝑡
=  Λ − 𝜇𝑆 − 𝛽1𝑆1𝐼1 − 𝑣(𝑡)𝑆1 − 𝑢(𝑡)𝑆1 

                                      (3) 

𝑑𝑆2

𝑑𝑡
= 𝑢(𝑡)𝑆1 − 𝛽3𝑆2𝐼1 − 𝜇𝑆2 − 𝑣(𝑡)𝑆2 

𝑑𝐸

𝑑𝑡
= 𝛽1𝑆1𝐼1 + 𝛽3𝑆2𝐼1 − 𝜇𝐸 − 𝛿1𝐸 − 𝛿2𝐸 − 𝑞(𝑡)𝐸 

𝑑𝐼1
𝑑𝑡

= 𝛿1𝐸 − (𝜇 + 𝑑1)𝐼1 − 𝜓(𝑡)𝐼1 

𝑑𝐼2
𝑑𝑡

= 𝛿2𝐸 − (𝜇 + 𝑑2)𝐼2 − 𝑞(𝑡)𝐼2 − 𝜓(𝑡)𝐼2 

𝑑𝑄

𝑑𝑡
= 𝑞(𝑡)𝐸 + 𝑞(𝑡)𝐼2 − (𝜇 + 𝑑3)𝑄 − 𝜉𝑄 

𝑑𝑅

𝑑𝑡
= 𝜓(𝑡)𝐼1 + 𝜓(𝑡)𝐼2 + 𝜉𝑄 + 𝑣𝑆1 + 𝑣𝑆2 − 𝜇𝑅. 
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Based on equation system (3), an objective function can be formed with control 

variables 𝑢, 𝑣, 𝑞, 𝜓, which can minimize the number of infected individuals (𝐼1, 𝐼2) and 

exposed individuals (𝐸). The control variables 𝑢, 𝑣, 𝑞, and 𝜓 are assumed to be bounded 

functions satisfying 0 ≤ 𝑢 ≤ 𝑢max, 0 ≤ 𝑣 ≤ 𝑣max, 0 ≤ 𝑞 ≤ 𝑞max, 0 ≤ 𝜓 ≤ 𝜓max. 

Thus, the objective function of this optimal control can be mathematically expressed as 

follows: 

                     

     min 𝐽 = ∫ {𝐴1𝐼1
𝑡𝑓
𝑡0

+ 𝐴2𝐼2 + 𝐴3𝐸 +
1

2
(𝐵1𝑢

2 + 𝐵2𝑣
2 + 𝐵3𝑞

2 + 𝐵4𝜓
2)}𝑑𝑡, 

  

     

   (4) 

 

where 𝐴1, 𝐴2, 𝐴3 are the respective weights for infected individuals without masks (𝐼1), 

infected individuals with masks (𝐼2), and exposed individuals (𝐸). 𝐵𝑖, 𝑖 = 1, 2, 3, 4 

Meanwhile is the cost required for each control measure in disease control (Tu 1994). 

3.1 Hamilton Function 

Based on Pontryagin Maximum Principle, the Hamiltonian associated with the 

proposed optimal control problem is defined as follows: 

ℋ = 𝐴1𝐼1 + 𝐴2𝐼2 + 𝐴3𝐸 +
1

2
(𝐵1𝑢

2 + 𝐵2𝑣
2 + 𝐵3𝑞

2 + 𝐵4𝜓
2)

+ 𝑝1(Λ − 𝜇𝑆1  − 𝛽1𝑆1𝐼1 − 𝑣𝑆1 − 𝑢𝑆1) + 𝑝2(𝑢𝑆1 − 𝛽3𝑆2𝐼1 − 𝜇𝑆2 − 𝑣𝑆2)

+ 𝑝3(𝛽1𝑆1𝐼1 + 𝛽3𝑆2𝐼1) − 𝜇𝐸 − 𝛿1𝐸 − 𝛿2𝐸 − 𝑞𝐸) + 𝑝4(𝛿1𝐸

− (𝜇 + 𝑑1)𝐼1 − 𝜓𝐼1 + 𝑝5(𝛿2𝐸 − (𝜇 + 𝑑2)𝐼2 − 𝑞𝐼2 − 𝜓𝐼2)

+ 𝑝6(𝑞𝐸 + 𝑞𝐼2 − (𝜇 + 𝑑3)𝑄 − 𝜉𝑄)

+ 𝑝7(𝜓𝐼1 + 𝜓𝐼2 + 𝜉𝑄 + 𝑣𝑆1 + 𝑣𝑆2 − 𝜇𝑅), 

where 𝑝𝑖 ≠ 0(𝑖 = 1,… ,7) denotes the Lagrange multipliers. 

3.2 Application of Pontryagin Maximum Principle 

      The optimal conditions of the problem in the Hamiltonian function can be obtained 

by satisfying the necessary conditions for optimality in Pontryagin Maximum Principle. The 

The necessary conditions for optimality are obtained by differentiating the Hamiltonian 

function with respect to each control variable. The optimal controls are given by 

𝑢∗(𝑡) = min {𝑢max, max {0, (𝑝1 − 𝑝2)𝑆1

𝐵1
}} , 

𝑣∗(𝑡) = min {𝑣max, max {0, (𝑝1 − 𝑝7)𝑆1 + (𝑝2 − 𝑝7)𝑆2

𝐵2
}} , 

𝑞∗(𝑡) = min {𝑞max, max {0, (𝑝3 − 𝑝6)𝐸 + (𝑝5 − 𝑝6)𝐼2
𝐵3

}} , 
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𝜓∗(𝑡) = min {𝜓max, max {0, (𝑝4 − 𝑝7)𝐼1 + (𝑝5 − 𝑝7)𝐼2
𝐵4

}}. 

Then, the optimal state system (constraint equations) is derived from the Hamiltonian. Let 

𝑥 = (𝑆1, 𝑆2, 𝐸, 𝐼1, 𝐼2, 𝑄, 𝑅) denote the state variables. According to the Pontryagin Maximum 

Principle, the state equations are given by 

𝑥̇𝑖(𝑡) =
∂𝐻

∂𝑝𝑖
, 𝑖 = 1, … ,7. 

The resulting state system corresponds to the controlled model described in Equation (3). 

The next step is to determine the adjoint system solution by solving 𝑝̇(𝑡) = −
𝜕ℋ

𝜕𝑥
 with , so 

that we get 𝑥 ∈ {𝑆1, 𝑆2, 𝐸, 𝐼1, 𝐼2, 𝑄, 𝑅} 

𝑝̇1 = −
𝜕ℋ

𝜕𝑆1
= 𝑝1(𝜇 + 𝛽1𝐼1 + 𝑣 + 𝑢) − 𝑝2𝑢 − 𝑝3𝛽1𝐼1 − 𝑝7𝑣, 

𝑝̇2 = −
𝜕ℋ

𝜕𝑆2
= 𝑝2(𝛽3𝐼1 + 𝜇 + 𝑣) − 𝑝3𝛽3𝐼1 − 𝑝7𝑣, 

𝑝̇3 = −
𝜕ℋ

𝜕𝐸
= −𝐴3 + 𝑝3(𝜇 + 𝛿1 + 𝛿2 + 𝑞) − 𝑝4𝛿1 − 𝑝5𝛿2 − 𝑝6𝑞, 

𝑝̇4 = −
𝜕ℋ

𝜕𝐼1
= −𝐴1 + 𝑝1𝛽1𝑆1 − 𝑝2𝛽3𝑆2 − 𝑝3(𝛽1𝑆1 + 𝛽3𝑆2) + 𝑝4(𝜇 + 𝑑1 + 𝜓) − 𝑝7𝜓, 

𝑝̇5 = −
𝜕ℋ

𝜕𝐼2
= −𝐴2 + 𝑝5(𝜇 + 𝑑2 + 𝑞 + 𝜓) − 𝑝6𝑞 − 𝑝7𝜓, 

𝑝̇6 = −
𝜕ℋ

𝜕𝑄
= 𝑝6(𝜇 + 𝑑3 + 𝜉) − 𝑝7𝜉, 

𝑝̇7 = −
𝜕ℋ

𝜕𝑅
= 𝑝7𝜇. 

Since the final time 𝑡𝑓 is fixed and the terminal states are free, with no terminal cost included 

in the objective functional, the transversality conditions are given by 𝑝𝑘(𝑡𝑓) = 0, 𝑘 =

1,2,3,4,5,6,7. 

 

RESULT AND DISCUSSION 

The results and discussion section presents the numerical simulation output of the 

optimal control model and an interpretation of the dynamics that emerge in each 

compartment. The analysis is conducted by examining the effect of each intervention 

strategy, both single control strategies and combinations of controls, on suppressing disease 

spread. The numerical simulations are performed using the fourth-order Runge–Kutta 

method within the Forward-Backward Sweep framework, involving an iterative process that 

solves the state system forward in time and the costate system backward in time. The findings 
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are systematically compared to identify patterns, effectiveness, as well as the mathematical 

and epidemiological implications of the tested control strategies. 

1. Numerical Simulation 

        Numerical simulations were conducted to observe the dynamics of the optimal 

control model over a time horizon of 100 days. The weight parameters for the objective 

function were set as 𝐴1 = 150, 𝐴2 = 100, and 𝐴3 = 50, while the intervention cost 

parameters were 𝐵1 = 1, 𝐵2 = 10, 𝐵3 = 5, and 𝐵4 = 10. These values were selected 

heuristically to reflect realistic relative magnitudes of health impacts and intervention costs. 

In particular, the cost of mask usage is assumed to be lower than vaccination, while the cost 

associated with untreated infected individuals (𝐼1) is considered higher than that of 

individuals with protective awareness (𝐼2), reflecting differences in healthcare burden and 

transmission risk. Based on the Pontryagin Maximum Principle, the optimal control 

formulation yields two coupled systems of differential equations: the state system and the 

adjoint system. The state system, subject to initial conditions, is solved forward in time, 

while the adjoint system, subject to transversality (final) conditions, is solved backward in 

time (Bakhtiar and Hanum, 2014). 

The simulations consider a total of 15 optimal control strategies in addition to the 

constant control scenario. These strategies are categorized into two groups: single control 

strategies and multiple control strategies. Prior to conducting the numerical simulations, all 

parameter values used in the model are summarized in Table 1. 

Table 1. Parameter value 

Parameter Value Unit Reference 

Λ 0,000039 days−1 Hethcote (2000) 

𝜇 0,000028 days−1 Assumed 

𝑑1, 𝑑2, 𝑑3 0,00000357 days−1 CDC (2020) 

Parameter Value Unit Reference 

𝛽1 0,7 days−1 
Van den Driessche and 

Watmough (2002) 

𝛽2 0,1 days−1 Assumed 

𝛽3 0,4 days−1 Assumed 

𝛿1 0,2 days−1 WHO (2020) 

𝛿2 0,2 days−1 WHO (2020) 

𝛿3 0,156 days−1 Linton et al (2020) 
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Parameter Value Unit Reference 

𝜎 0,14 days−1 Chen et al (2020) 

𝜉 0,2 days−1 He et al (2020) 

𝜂 0,1 days−1 Li et al (2020) 

𝜔 0,071 days−1 Wang et al (2020). 

 

Using the parameter values in Table 1, the optimal control model is numerically 

simulated by considering four control variables. This results in fifteen distinct control 

strategies, including both single-control and multiple-control implementations, as presented 

in Table 2. 

Table 2. Optimal control implementation strategy 

Control Strategy 𝒖 𝒗 𝒒 𝝍 

Single  

1 •    

2  •   

3   •  

4    • 

Two 

5 • •   

6 •  •  

7 •   • 

8  • •  

9  •  • 

10   • • 

Control Strategy 𝒖 𝒗 𝒒 𝝍 

Three 

11 • • •  

12 • •  • 

13 •  • • 

14  • • • 

Four 15 • • • • 
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The strategy is divided into two parts, namely single control and multiple control, 

where single control is the application of intervention from one optimal control in the 

infectious compartment (𝐸, 𝐼1, 𝐼2) and multiple control is a combination strategy of several 

controls such as a combination of 2 controls, a combination of 3 controls and a combination 

of 4 controls. 

1.1 Single Control Strategy 

The single control strategy involves applying optimal control to the infectious 

compartments, namely the exposed compartment (𝐸), infected without a mask (𝐼1), and 

infected with a mask (𝐼2), by comparing the results with those obtained under constant 

control. In this context, the constant control simulation represents the baseline scenario, 

corresponding to the numerical simulation of the original model without the inclusion of 

optimal control variables. This baseline serves as a fundamental reference point for 

evaluating the effectiveness of each optimal control strategy in reducing disease 

transmission. The graphical results for the single control strategy are presented in Figure 3, 

Figure 4, and Figure 5. 

 

 

 

 

 

 

 

 

      Figure  3.  The effect of optimal control and constant control on compartments 𝑬 

Figure 3 shows that the best optimal control is treatment control (𝜓), followed by 

quarantine control (𝑞), vaccination (𝑣), and masks (𝑢). Treatment control can be seen to 

reduce the proportion 𝐸 to 0 on day 20, while quarantine takes a little longer, namely day 

40, and vaccination and mask control on a similar day, namely day 45, and constant control 

on a day that is almost the same as vaccination and masks. 
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     Figure  4.  The effect of optimal control and constant control on compartments 𝑰𝟏 

Figure 4 shows that the best optimal control is the treatment control (𝜓) , which 

reduces the proportion of infections without masks (𝐼1) to 0 on day 18. The second-best 

optimal control, which rapidly reduces 𝐼1 is the mask control (𝑢) on day 50. Quarantine 

control is the third control to reduce the proportion 𝐼1 , on day 60, and last is the vaccination 

control and constant control on day 65. 

 

 

 

 

 

 

 

 

 

       Figure  5.  The effect of optimal control and constant control on compartments 𝑰𝟐 

Figure 5 shows that the masked infection compartment (𝐼2) experienced a drastic 

decrease towards 0 due to the influence of treatment control on the 20th day. Then there was 

quarantine control (𝜓) which suppressed the compartment 𝐼2 towards 0 on the 50th day. 

Then there was mask control, vaccination and constant control which reduced the proportion 

on 𝐼2 the 60th day. 

In the single control, it can be seen that the best optimal control to suppress the 

infectious compartment is treatment control (𝜓), followed by quarantine control (𝑞), then 

masks (𝑢), and vaccination (𝑣). 
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1.2 Multiple Control Strategy 

The multiple control strategy is a combination control strategy of several optimal 

controls consisting combinations of 2 controls, 3 controls, and 4 controls. The combination 

of 2 controls in a 𝐸 compartment can be seen in Figure 6 below.  

 

 

 

 

 

 

 

Figure  6.  The effect of the combination of 2 controls on the compartment 𝑬 

Figure 6 shows that there are 6 strategies from a combination of 2 controls, and it 

can be seen that the best strategy for reducing the number of compartments  𝐸 is the control 

strategy of quarantine (𝑞) and treatment with a drastic decrease to a value of 0 on day 12. 

Next is the control strategy that suppresses the spread rate in the compartment 𝐸, namely 

vaccination (𝑣) and treatment (𝜓), which takes approximately 18 days. Then there is a 

combination of vaccination (𝑣) and quarantine (𝑞). The strategy that takes the longest to 

suppress the compartment 𝐸 is the control strategy of masks (𝑢) and treatment, which takes 

90 days due to a rebound on day 60. The effect of the 2 control strategies on the compartment 

𝐼1 can be seen in Figure 7 below. 

 

 

 

 

 

 

 

Figure  7.  The effect of the combination of 2 controls on the compartment 𝑰𝟏 

Figure 7 shows the dynamics in the compartment  𝐼1 caused by the influence of the 

two optimal control combinations. It can be seen that the best two control strategy is the 

combination of quarantine control (𝑞)  and treatment (𝜓), which requires 12 days to 

suppress the spread 𝐼1. The second-best two-control strategy that suppresses the spread 𝐼1 

quickly is the combination of vaccination control (𝑣) and treatment (𝜓), which requires 15 
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days. The effect of the two-control strategy on the compartment 𝐼2 can be seen in Figure 8 

below.  

 

 

 

 

 

 

 

 

 

 

Figure  8.  The effect of the combination of 2 controls on the compartment 𝑰𝟐 

Figure 8 shows the changes that occur in the compartment 𝐼2 caused by the combined 

effects of the two optimal control strategies. The figure shows that the combination that most 

rapidly reduces the proportion in the infectious compartment (𝐼2 ) is the combination of 

quarantine control (𝑞) and treatment (𝜓). The second combination that can rapidly reduce 

the spread (𝐼2 ) is vaccination (𝑣) and treatment (𝜓). The combination that takes the longest 

to reduce the proportion in the infectious compartment (𝐼2) is the combination of mask 

control (𝑢) and vaccination (𝑣), constant control and mask control (𝑢), and treatment (𝜓). 

Thus, it can be concluded that the two optimal control strategies that most quickly suppress 

the spread in the infectious compartment are the combination of quarantine control (𝑞) and 

treatment (𝜓) and the combination of vaccination(𝑣) and treatment (𝜓). Strategies 

combining the three optimal controls aimed at suppressing infectious compartments such as 

the exposed compartment (𝐸) , unmasked infection (𝐼1), and masked infection (𝐼2) can be 

seen in Figures 9, 10, and 11 below. 
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Figure  9. The effect of the combination of 3 controls on the compartment 𝑬 

Figure 9 shows that the exposed compartment (𝐸) decreases due to the influence 

of the combined 3 control strategies. The fastest strategy in suppressing the compartment 𝐸 

is the combination of vaccination (𝑣), quarantine (𝑞), and treatment (𝜓) with the time 

required to reduce the proportion 𝐸 to 10 days. Meanwhile, the longest strategy in reducing 

the proportion 𝐸 is the combination of mask control (𝑢), vaccination (𝑣), and treatment (𝜓) 

with the time required being 70 days. 

The dynamics of the infection compartment without masks (𝐼1) influenced by the 

optimal control strategy with a combination of 3 controls can be seen in Figure 10 below  

 

 

 

 

 

 

 

 

 

Figure  10. The effect of the combination of 3 controls on the compartment 𝑰𝟏 

Figure 10 shows that there are two control strategies that have similar results: the 

combination of vaccination control (𝑣), quarantine (𝑞), and treatment (𝜓), and the 

combination of mask control (𝑢), quarantine (𝑞), and treatment (𝜓) which requires 10 days 

to suppress the compartment (𝐼1 ).  Meanwhile, the combination of three controls that takes 

the longest to reduce the compartment (𝐼1) is the strategy combining mask control (𝑢), 

vaccination (𝑣), and quarantine (𝑞), which requires 80 days. 
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The dynamics of the 𝐼2 compartments affected by the strategy consisting of a 

combination of 3 controls can be seen in Figure 11 below.  

 

 

 

 

 

 

 

 

         Figure  11. The effect of the combination of 3 controls on the compartment 𝑰𝟐 

Figure 11 shows that the three best control strategies that suppress the spread rate in 

the masked infection compartment (𝐼2) are the vaccination control strategy (𝑣), quarantine 

(𝑞), and treatment (𝜓), as well as strategies with similar results, namely the optimal mask 

control strategy (𝑢), quarantine (𝑞), and treatment (𝜓), with a duration of 10 days required 

to suppress the spread. Meanwhile, the optimal control strategy that takes the longest to 

suppress the spread is masks (𝑢), vaccination (𝑣), and quarantine (𝑞), which requires 100 

days. 

The strategy representing the combination of all optimal controls, referred to as 

Strategy 15, is illustrated in Figure 12, 13, and 14. 

 

 

 

  

 

  

 

 

 

 

 

Figure 12. The effect of the combination 
of 4 optimal control on the compartment 

𝑬 

Figure 13. The effect of the combination 
of 4 optimal control on the compartment 

𝑰𝟏 
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Figure 11, 12, and 13 shows that the combination of the four optimal controls has a 

very significant effect in suppressing the spread. Figures 11, 12, and 13 are visualizations of 

the effect of the strategy with 4 controls on the infectious compartment, with the time 

required being around 10 days to suppress the proportion of the compartment  𝐸, 𝐼1, 𝐼2. 

1.3 Cost Effectiveness Analysis 

Health resources can be allocated optimally to achieve maximum health benefits. 

ACER represents the average cost per unit of health benefit. Meanwhile, ICER determines 

the incremental costs incurred per unit. According to Asamoah et al. (2022), the ACER and 

ICER formulas are as follows: 

ACER =
Total expenses incurred

Total number of infections avoided
 

 

ICER =
Total cost change in p and q strategies

Changes in control benefits in p and q strategies
 

 

The results of total costs, benefits and ACER will be stated in table 3. 

Table 3. ACER value calculation result 

Strategy Total cost Benefits ACER 

1 5.791007 1.488734 3.889888 

2 178.989599 50.572114 3,539294 

5 183.463519 51,592574 3.556006 

15 183.993157 81.597450 2.254889 

14 186.055226 81.595762 2,280207 

9 216.648035 81.266583 2.665893 

8 222,288650 64.521274 3.445199 

11 224.426756 64.663591 3,470682 

3 225.469059 56.979902 3.956993 

13 241.615448 81.566670 2,962184 

12 214.435653 81.276331 2.638353 

6 279,163748 57.294662 4.872422 

Figure 14. The effect of the combination of 4 

optimal control on the compartment 𝑰𝟐 
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Strategy Total cost Benefits ACER 

7 281,130828 81.145817 3.464514 

10 303,167886 81.564205 3.716923 

4 360,186059 81.080755 4.442313 
 

 Based on Table 3, the most cost-efficient strategy is identified as strategy 15, which 

represents the combination of all control measures. This strategy yields the smallest Average 

Cost-Effectiveness Ratio (ACER) value of 2.254889, indicating that it provides the greatest 

health benefit per unit cost compared to other strategies. Therefore, the implementation of 

combined interventions namely mask usage, vaccination, quarantine, and treatment offers 

the most efficient approach in controlling the spread of the disease The incremental ratios 

are then evaluated between consecutive non-dominated strategies, and the resulting ICER 

values are presented in Table 4. 

Table 4. ICER value calculation results 

Strategy COST Benefit ICER 

Constan control 0 0 - 

1 5,791007 1,488734 3.889888 

2 178,989599 50,572114 3,528661 

15 183,993157 81,597450 0,161274 

 

The cost-effectiveness analysis was conducted following standard procedures by 

ranking strategies based on increasing effectiveness. Dominated and extendedly dominated 

strategies were eliminated prior to ICER calculation to ensure valid comparisons. The ICER 

values were then computed incrementally among the remaining non-dominated strategies, 

as presented in Table 4. The results indicate that Strategy 15 provides the most cost-effective 

outcome, as it yields the lowest ICER value, meaning it achieves the greatest additional 

benefit with the least additional cost compared to other strategies. 

 

CONCLUSION  

The mathematical model of respiratory infectious disease is formulated as a modified 

SEIQR model with seven compartments (𝑆1
, 𝑆2

, 𝐸, 𝐼1, 𝐼2, 𝑄, 𝑅). An optimal control 

framework is incorporated, consisting of four control variables: three preventive controls 

mask usage (𝑢), vaccination (𝑣), and quarantine (𝑞) and one treatment control (𝜓). The 

implementation of optimal control is divided into single and multiple control strategies. In 

the single-control scenario, treatment (𝜓) is the most effective in rapidly reducing the 

infectious compartment by 10% within an average of 20 days, outperforming the other 

controls. 
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For multiple control strategies, the best two-control combination is quarantine (q) 

and treatment (ψ), while the best three-control strategy consists of vaccination (v), 

quarantine (q), and treatment (ψ). The combination of all four controls is the most effective 

overall, achieving the fastest reduction in the infectious population. From a cost-

effectiveness perspective, this four-control strategy yields the smallest Average Cost-

Effectiveness Ratio (ACER) value, indicating the highest average efficiency. However, after 

applying standard cost-effectiveness analysis procedures by eliminating dominated and 

extendedly dominated strategies, the Incremental Cost-Effectiveness Ratio (ICER) results 

indicate that Strategy 15 is the most cost-effective option, as it provides the greatest 

additional health benefit with the lowest incremental cost compared to other feasible 

strategies. This finding highlights the importance of applying proper ICER methodology to 

ensure valid and reliable decision-making. 

However, this study has several limitations, as the model assumes a closed 

population without considering population mobility or demographic changes. Therefore, 

future research is recommended to extend the model by incorporating more realistic 

population dynamics and by differentiating mask control based on COVID-19 variants, such 

as Delta, Omicron, and other emerging variants. 
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