MATHLINE ISSN 2502-5872 (Print)
JURNAL MATEMATIKA DAN PENDIDIKAN MATEMATIKA ISSN 2622-3627 (Elektronik)

Volume 9 Number 4, November 2024, 1039-1049

THE IRREDUCIBLE UNITARY REPRESENTATION OF SU(2) AND
ITS LIE ALGEBRA REPRESENTATION

Edi Kurniadi'*, Badrulfalah?, Nurul Gusriani®
123Departement of Mathematics, Universitas Padjadjaran, West Java, Indonesia
*Correspondence: edi.kurniadi@unpad.ac.id

ABSTRACT

We study the three dimensional special unitary group SU(2) < GL(n, C) whose the Lie algebra is
given by su(2) € M(2,C). The research aims to construct a representation of SU(2) and su(2)
realized on the inner product space IP(4y of all homogeneous polinomials of degree 2 and P, of all
homogeneous polinomials of degree 4 which satisfying irreducibility and unitarity conditions.
Namely, The action of SU(2) and su(2) are presented on the spaces IP(qy and IP(,) respectively. In
the first step, we computed all representations of SU(2) on IP(;y and IP(,y. Furthermore, in the second
step, by simply connectedness property of SU(2) then the irreducible unitary representation of Lie
algebra su(2) realized on P,y can be obtained from the SU(2) representation by using derived
representation. The results showed the explicit formulas of representations of SU(2) and su(2)
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PRELIMINARY

The research on representation theory of groups, Lie groups, and Lie algebras are
vast, especially regarding irreducible unitary representations of matrix Lie groups and their
Lie algebras (Bayard et al., 2017; Behzad et al., 2022; Eswara Rao, 2023; Feger et al., 2020;
Hu et al., 2019; Liebeck et al., 2020; Nasr-Isfahani, 2015), and (Cowling, 2023; Hampsey et
al., 2024) However, it is very necessary to have a model that is easy to understand in
studying irreducible unitary representations of matrix Lie groups, particularly for young
researchers. It is well known that SU(n) is one of matrix Lie group examples. In particular,
for case n = 2 many researchers have studied this group and applied it to various fileds.
These studies include open and dense subset of the special unitary matrix Lie group SU(2)
where it can be a domain of new proper biharmonic functions (Gudmundsson, 2017) and
operation of active SU(2) on poincare sphere (Saito, 2024). In addition, SU(2) can be applied
to other fields. For examples, transformation of SU(2) can be applied to case of a general
rogue wave solutions in the nonlinear Schrodinger equation (Pan et al., 2022) and

progressive waves in Yang-Mills fields (Rabinowitch, 2024). Moreover, in the sense of other
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researches, researchers investigated it in the case of new BCH-like relation (Martinez-
Tibaduiza et al., 2020) and Hamiltonian extended affine Lie algebra (Eswara Rao, 2023). It
is interesting to study representation theory by using Mathematica (Feger et al., 2020) or
another software to encourage mathematical problem solving(Susanto et al., 2023).

Furthermore, it is also well known that the Lie algebra of the special unitary matrix
Lie group SU(2) is the Lie algebra su(2) € M(2,C) consisting of all 2 x 2 complex
matrices with A* = —A and trace (4A) = 0. In addition, using the simply connectedness of
SU(2) € GL(2, €), then all su(2) representations with respect to its basis can be computed
from representation of SU(2). In another research, SU(2) can be related to meridian-
traceless of SU(2)-representations (Xie & Zhang, 2023). There are relations among matrix
Lie algebras su(1,1),su(2), and s0(2,1) (Martinez-Tibaduiza et al., 2020). Indeed, we also
find some applications of Lie algebras in another field such as in deoxyribonucleic acid or
DNA which consists of adenine, guanine, cytosine, and thymine (Fayazi et al., 2021; Hussain
et al., 2024; Sanchez et al., 2006), algebraic topology for DNA (Braslavsky & Stavans,
2018), and in finance mathematics (Lim & Privault, 2016).

The motivation of this study comes from the question of Berndt (2007) corresponding
to the representations of SU(2) and su(2). Different from previous result, in this present
paper we present the explicit formulas for unitary irreducible representation of SU(2) and
su(2) on the space of two-complex homogeneous polynomials 1}, of degree equals n. In our
case, forn = 1and n = 2. Furthermore, we give the explicit formula of a unitary irreducible
representation of su(2) computed from a unitary irreducible representation of SU(2) with

respected the basis of su(2).

METHODS

The steps used in solving problems in this research can be described as follows:
Given the special unitary matrix Lie group SU(2). Then we realize the irreducible unitary
representation (IUR) on two variables complex space 1}, of degree n. In this case, the explicit
formula of the IUR on V,, is obtained. Furthermore, since the matrix Lie group SU(2) is
simply connected, then the associated IUR of the Lie algebra su(2) can be computed as a
derivation of the IUR of SU(2). Finally, we prove that the obtained representations of the
matrix Lie group SU(2) and its Lie algebra su(2) both are irreducible and unitary.

Moreover, in this section, we also provide some basic materials that we need to obtain

the main research. We introduce the notion of the special Lie group SU(2) and its Lie algebra
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su(2), the notion of representation theory of a matrix Lie group, a unitary and irreducible
representation of a matrix Lie groups. Let GL(n, C) be all n X n invertible matrices whose
entries are complex numbers. In particular, for n = 2 we have the notion GL(2,C) of all
2 X 2 invertible matrices whose entries are complex numbers. Let SU(2) be a closed
subgroup of GL(2,C) consisting of 2 x 2 invertible matrices satisfying A* = A™1 and its
determinant be equals 1. Let A € SU(2), then A* = A~ and its determinant equals 1.
Therefore, the necessary and sufficient condtions for the exponential matrix eSY unitary is
(e5Y)* = (e5Y) 7L, In the other words, we have that (eSY)* = e~tY. But we also have that
(e5")* = et Thus, et = e!¥". The latter equation holds for t iff Y* = —Y. Furthermore,
the condition of all matrices in SU(2) which have determinant 1 implies their traces in su(2)

equals 0. Formally, we state our arguments as follows:

Proposition 1. Let SU(2) be a special Lie group consisting of all 2 x 2 matrices A with
A* = A~1 and determinant be equals 1. Then the Lie algebra of SU(2) is given by su(2) €
M(2,C) consisting of all 2 x 2 matrices B satisfying the conditions B* = —B and
trace(B) = 0.
Definition 1. Let V be a vector space with finite dimension and let G < GL(n, C) be a matrix
Lie group. A representation of G realized on the space V' is a homomorphism of a Lie group
G given by the map
X:G - Aut(V). (1)

In the other words, X is homomorphism group as well as continuos. Furthermore, the
representation Z is called irreducible if VV has no nontrivial invariant subspaces.
In addition, let VV be an inner product space with dim IV < oo. The representation (1) is called
unitary if £(g) is a unitary operator on V for all g € G. In the other words,

IZ(g)vll = lIvli (2)
forallveV.
Proposition 2. Let G be a group and let = be a unitary matrix representation of G on C*

satisfying condition m(g) = S(g) contained in U(n). In this case Aut C" is identified by
GL(n, C). Then for every matrix N € GL(n, C) satisfying NS(g) = S(g)N, N = zl,,,z € C.
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In the other words, if there is no exists such matrix then a finite unitary representation r is
irreducible.
Definition 2. The representation (dZ, 9*) of g = Lie G of a continuous representation of a
linear group G — (Z, ) is given by
d 00
d2(B)Y) = — 2(e%8) Yoo, VY € 9" (3)

RESULT AND DISCUSSION

X X
Letg = (_%2 fi) be an element of SU(2) satisfying det g = 1. Namely, we have

|X11? + |x,|* dan Py, be a space of complex homogeneous polynomials of degree 2

spanned by a basis S in the following form

1 1
H_; = \/_5222; Hy = z1z,, Hy = 5212 (4)

Indeed, the dimension of P(,y equals 3. Thus, for any H € IP(4), it can be written in linear

combinations of equation (4) as follows

H = ikozg + k12122 + izkzzjf. (5)

V2 V2
Our first result confirm result in (Berndt, 2007) and it is stated in the following propostion.

Proposition 3. Let X, (x) be a linear transformation on the space IP(;y which is given by the

explisit formula

-1 Z _ 2
(Z1(9)H)(z1,2,) = H (g (ZZ)>,g €sU@),  Z=(zz)eC  (6)
Then the representation X, of SU(2) satisfies the irreducibility and unitarity conditions.

Proof. The fisrst we shall prove the uniatry of X;. Since (Z,(9)H)(z1,22) =
1 (%)) _ X1 =X\ (%Z1\\ _ /= _ 1 _
H(a ) =n((5 7)) = HGm = o+ 30m) = kv -

x2Z2)2 + kl(flzl - xZZZ)(fzzl + xlzz) + \/%kz( fZZI + x1Z2)2, then is also

homogoneous polynomial of degree 2. Moreover, to see that X; is a representation. Let
91, 9. € SU(2) and Z = (z,, z,) € C2. It can be computed as follows that

(21(9192)H)(2) = H((9192)""(2))
= H(g7'91'2) = (21(92)H) (91 "'2)
= (21(91)Z1(g2)H) (2).
Therefore, Z; is a representation. To see a unitarity X,, let H, and H, be elements of P,

of degrees 2. Therefore, there exist a unique symmetric tensor (H1 i l.z) such that

1<iq<i,<2

forall Z = (zy,2,) € C* we have
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Hl(Z_) = 21'11,i2=—1 Hlil’izzilziz' (7)
In similar way, we also have H,(2) = 21'11,1'2:—1 Hzil,izzilziz' Now we are ready to define
an inner product on the polynomial space P, in the following form:
(Hl’ HZ) = Zill,i2=—1 Hlll,lz Hzil’iz' (8)
In particular, we obtain
- 1
(HHY = > HH =5 (2 + 2,2
i=—1
Then, we have
- 1
(E1(@H, (Z1(g)H ) = z 121 (9)H; (21, 2)1* = 2 (%121 = x22,|% + | %221 + x12,|%)?
i=—1
1 = 2 2 = = 2 2
= §(|x1Z1| + 12225 |° = 2|x121 || %225 | + 15521 |° + |21 2,
+ 2|%,21 ||%122 )% = (1%121 1% + |%22,|% + |%21|* + |x12,|)?
1 1
= E((|Z1|2 + 12212 (|1 |2 + |x21))? = §(|Z1|2 +12,1*)? = (H,H).
Thus, the representation X, is unitar. The second, we shall show that X, is irreducible.
Namely, we shall prove that IP(;y has no nontrivial invariant subspaces. In the other words,
we shall show that if 0 # W < Py is invariant subspace then W = IP(4y. But in this case,
.. X1 X2
we shall use Proposition 2. The form g = <—fz f1) € SU(2) can be decomposed as
follows:
cos= sin=
_ (X1 X2\ _(e7®/2 0 > 2 T2 (e‘”’/z 0 )
g = (—fz fl) - ( 0 ei9/2 Sil’l% COS% 0 eiy/z ' (9)

. (e® 0 __(cosa sina . )
Let ¥(0):= < 0 e‘ig) and ¥Y(a) = (—sina cos a)' Then the equation (9) can be re

written as the following form:

— _8 _a _Y
9= 1/)( z)lp( 2)1/1( 2)' (10)
From the previous proof, we have alreade proven that X; is unitar. Since H is a linear

combinations of H_,, Hy, and H, then we can compute the representation £, oneach H_,, Hy,

and H;. Namely, we have:

1
(Z1(9)H_1)(z1,2,) =H_, <g_1 (2)) = ﬁko (X121 — X22;)°

1043




1044 The Irreducible Unitary Representation Of SU(2) And Its Lie Algebra Representations

= H—1(Z1'Zz)5}1,—1(g) + H, (Z1’Zz)53,—1(g) + Hy(z4, 22)511,—1(9);
-1 Zl — —

(21(9)Ho)(z1,22) = Hy (9 (Zz)> = k(%121 — x222) (X221 + x125)

= H—1(21»Zz)531,0(9) + HO(ZLZZ)S&,O(Q) + H1(Z1:ZZ)S11,0(9)'

_ 1 (4 _ i = 2
(21(9)H1)(z4,22) = Hy (9 (Zz)> = ﬁkz(xzﬁ + X12;)

= Hy(z,, 22)53,1(9) + H_y(zy, 22)511,1(9) + H1(Z1'Zz)511,1(9)-

(11)

0 e—i9/2 0 A ) .
Let g =9 (_ E) = ( . ie/z) and by using the equation (10), then we have:
e

sha(w(-3)=esto(v(-3)) =1t (w(-9)=¢" @

Moreover, by equating of elements of matrix S*(g)M and MS*(g) then we have the equality
of elements of M. Namely, M;; = My, and M = zI,. Thus, X, is irreducible.

As mentioned before, IUR of Lie algebra su(2) arises from IUR of SU(2). The result
of IUR of su(2) realized on the space P4y can be found in (Berndt, 2007) p. 71. In our result,
we confirm the IUR of matrix Lie algebra su(2) which is realized on the space P, (Berndt,
2007) p. 72. Our second result is stated in the following proposition.

Propostion 4. Let X, be the IUR of SU(2) realized on the space P,y = (J_2,/-1,]0.J1,]2)

where

1 1
o(2y,2y) = ——=2z4,]_1(24,2,) = — 2,23
] 2( 1 2) 2\/8 2 ] 1( 1 2) \/6 142
1 1 1
7,,2,) = =2°7% ], = —=1232,,], = ——=2z%.
]O(l 2) 212]1 2\/§12]2 2\/61
Then the IUR of su(2) = (B =l(0 _i) B =3(0 _1) B =1(i 0)) on the
T2\ 0772 2\ 0/ T 2\0 i
space IP(,) can be written in the following forms

d22(31)]—2) =1J_1, dzz(Bz)]—z) = _]—1,d22(33)]—2)-

3i 3
d22(31)]—1) =i, + \/_%JO: dZZ(BZ)]—l) =]2— ﬁ]o' de(B3)]—1) =1J_5.
V6 V6
d22(31)]0) = %]—1 + i\/§]1,d22(32)]0) = 7]—1 - \/§]1' d22(33)]0) = 0.
3i iv2 3 1 ,
d22(31)]1) = m]e + 72: dzz(Bz)h) = ﬁ]e - E/p d22(33)]1) = —iJ;.

dX,(By)J)2) = EL]Lde(Bz)]z) =

2

\/Eh' dz, (Bs)fz) = —2iJ;.
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(13)

Proof. Let J be elements of abasis S = {J_,,/_1,/0,J1,J2} S IP(Z) where

1
Z1,Z5) = z5,] ,Zo) =
J-2(21,2;) = —=23,]-1(21,2) =
Jo( )— 5= —1 27,,]
Z1,Z 7272, Z7Z,,
olZ1,2Z; 122,01 = 2,—3122

B R I R PRt

\/—

— 2,75

1

4

=—z
246

0 :
—i)} and their 1-parameter

subgroups : R 3 8 = t(0) = e%%i € SU(2),i = 1,2,3 are given by the following forms

(Berndt, 2007)

0 .. 6 0 .0
COS — —lSIn— COS— —SIn—
e0B1 — | '29 92 efB2 — | g 92 efB2
—l SIHE COSE SIHE COSE
o + isi 6 0
_ CosS > 1 SIn >
0 e . .0
CosS 2 1 SIn >
Then by using equation (3) we have
d w
d2;(By)]-2) = Z (ee )] 2lo=0, J2€S=H

where Z, the IUR of SU(2) on the homogeneous polynomials P,y

direct computations then we obtain

= (]—2']—1']0']1']2)' By

6 . . 6
cos— isin-\ ,,
2,(e%B1)_,(z1,2,) =J_, (e7®B1(2y,2,) ) = J_ 2 2 1(°H) | =
2( ) 2\41,42 2( 1 2) 2 lsing Cosg (ZZ)
2 2
z cose+iz sine 4
1 S 2 .
J-> 29 ; =Wg(izlsing+zzcosg).
izlsing+zzcosE
Then the explisit formula for d2,(B,)/_,) == Zz(e Bl)] 2lg=0 i given as follows:
0%, (B) = 4 ( _ 9+ 9>4<i 0 z, 9>|
2(B1)]-2) = \/E l2151n2 22c052 221c052 sm2 =0
2 (5 21) = izl = 1]
—1Z1Zy, = lf_1.
2\/— Zy \/6 142 1

Similarly we also get the following forms:
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7] 7]
cos— sin—
z
z:2(9632)]—2)(21'22) =]—2(9_9B2(Z1;Zz) =] ) 29 g (Z;)
sm2 cos2
9+ 0 .
_J Z1COS2 ZZSIII2 B 1 _ . €+ 9
=], 9 9 __2\/8 zlsln2 chos2 .
—zySin- + z, cos—
2 2
0z, (B,) ( 6+ 9)4 (—21 0 z 9>|
2(By)]_5) = 2\/_ Z, sin chos2 > cos2 > sin 0=0
Zl -
2\/— 2)4( )_ \/EZ1Z§L =—J_1.
i0 e
_ 20 Z1 zie 2
5(e%%)]2) (21, 22) = J-2(e7%2(21,2,) = ], <e @) (Zz) =)z %)
0 ez Zye2
1 ( ﬁ) 4 i
— 7.2 — 7 8129.
26\ 26
1 ) 1 1
dZ,(Bs)]_,) = —=z%e20 |, =—zf=2——2%=2]_,.
2(B3)]-2) \/82 lo=o \/82 2\/52 -2
6 0
cos— isin—
z
Zz(eeBl)]ﬂ(ZpZz) =/ (e_eBl(ZpZz)) =J N 29 92 (Zl)
LSIDE cosz
9+_ 0
_, Z1C052 Lzzsm2
-1 0 7]
llelnE-I-ZZCOSE

_1( 9+ 9)(, _ 9+ 9)3
—\/gzlcos2 lzzsmz llelnz zzcos2

1 (-2 0 iz, 6 N, N
d2,(B1)J-1) :ﬁ(TSIHZ +—cos§ iz4 Sln§+Zz cosi)
+3( 9+, 9)( _ 9+ 9) (121 0
NG 2, €08 + iz, sinz || iz, sin- + 2, cos 5 C0S 7
z 0 iz iz
~Zsin3) oo = =(2) @2 + = 0@ (2)
1 24+ 3i 1 0 311
—.=z2z2 =], +—]).
2\/— \/— 2 142 2 \/8 0
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6 0
COS — Sin —

z:2(9632)]—1)(21'22) =J_1(e7%P2(21,25) = 4 20 g (Zl)

—sin— cos—
2 2

0 0
_. Zq cos§6+ Zy smEe
—leln5+zz cosE

1 0 0 03

= ﬁ(zl cos-+ z, smE) Z sm2 + z, cosE> .

o3
+ z, cos )

2

0

N 2
3 0 N

+—= (21 cos = + z, sin ) —z1Sin- > + z,cos- (— —cos—

NG 2

on)iee= 3 e + e ()
1 31 3

2\/— \/—2 2 2 ]—Z_EJO'

9 (-
2
1 =z, 0
dX,(By)]_1) = _(T sin— > + —cos ) ( —2z; sin—=
9 (-
2

i9 i0
22(9933)]—1)(21,22):]—1(6_933(21.22):]—1 <e ? 99) (2) =J1 7e i92

0 ez

1 _ie 0\ 1 0
=—(zle 2)(22e2) —z,z5e!

V6 Ve

dX,(B3)/-1) = \/3212291 lo=0 = \/%2122 1.

We continue these computations in similar way, then we have the results as follows:
V6 V6

A%, (o) = —5-Joa + V3]0, A%, (o) = o)1 = V3, dZ2(Ba)Jo) = 0.

dx,(B,) )—i +£2d2 (By)];) = ——= _1 dz,(B3)),) = —i

2 1 ]1 - 2\/§]0 2 § 2 2 ]1 - 2\/§]0 2]1' 2 3 ]1 - l]l-

-2 2

452 (B))e) =~ ABa(By))o) = 7=, A%, (B)) = =20

CONCLUSION

We proved that the representation of SU(2) realized on the space IP(y) is irreducible

unitary representation (IUR). Moreover, we presented the IUR of su(2) =(B; =
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10 —i 10 -1 _1(i 0 o
5(—1' O)'BZ_E(l O)’B3_2(0 _i))onthespace P2y which arises from the

IUR of SU(2) on the space P,).
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